As a continuation of [13] where a Poincare´-type inequality was introduced to study the essential spectrum on the L 2 -space of a probability measure, this paper provides a modification of this inequality so that the infimum of the essential spectrum is well described even if the reference measure is infinite. High-order eigenvalues as well as the corresponding semigroup are estimated by using this new inequality. Criteria of the inequality and estimates of the inequality constants are presented. Finally, some concrete examples are considered to illustrate the main results. In particular, estimates of high-order eigenvalues obtained in this paper are sharp as checked by two examples on the Euclidean space. # 2002 Elsevier Science (USA)
INTRODUCTION
Let ðE; F; mÞ be a s-finite measure space and ðL; DðLÞÞ a negative linear operator on L 2 ðmÞ which generates a strongly continuous contraction positive semigroup P t on L 2 ðmÞ: Define Eð f ; f Þ ¼ Àmð fLf Þ for f 2 DðLÞ: We have Eð f ; f Þ50:
In [13] the author introduced the following inequality to describe the essential spectrum of a weighted Laplace operator L (denote by s ess ðLÞ) on a Riemannian manifold with m a probability measure: mð f 2 Þ4rEð f ; f Þ þ bðrÞmðj f jÞ 2 ; r > r 0 ; f 2 DðLÞ; ð1:1Þ
where r 0 50 is a constant and b : ðr 0 ; 1Þ ! ð0; 1Þ is a decreasing function. Equation (1.1) is a generalization to the known Poincare´-Sobolev-type inequalities (see [6, 13, 14] ) as well as the Nash-type ones (see e.g. [4] ). In general, if L is self-adjoint such that P t has a density with respect to m; it is proved in [6] that inequality (1.1) holds for some b if and only if s ess ðÀLÞ & ½r À1 0 ; 1Þ: In particular, under the above condition, the essential spectrum is empty if and only if the super-Poincare´inequality holds (i.e., (1.1) holds for r 0 ¼ 0 and some bÞ: If, in addition, L is the generator of a symmetric Dirichlet form such that P t has a density, then the emptiness of s ess ðLÞ is also equivalent to the following F -Sobolev inequality (see [6, 13, 14] ): there exists F 2 C½0; 1Þ with F ðrÞ " 1 as r " 1 such that mð f 2 F ð f 2 ÞÞ4CEð f ; f Þ for some C > 0 and all f 2 DðEÞ; the domain of the Dirichlet form. In the Dirichlet form case this equivalence was also proved in [3] for locally compact, separable metric space E and L satisfying the following property:
inf s ess ðÀLÞ ¼ sup
A is compact inffEð f ; f Þ : f 2 DðLÞ : mð f 2 Þ ¼ 1; f jA ¼ 0g: ð1:2Þ
If E is e.g. either a s-compact space or a Polish space, then the proof of Theorem 2.1 in [13] indeed provides a more general statement, i.e. (1.2) implies the equivalence of (1.1) and that s ess ðÀLÞ & ½r À1 0 ; 1Þ; see the proof of Theorem 2.2. We remark that property (1.2) was first introduced by Persson [8] for a large class of Schro¨dinger operators on R d ; and was proved for the Laplacian on Riemannian manifolds by Donnely and Li [5] . An operator with property (1.2) was called in [3] a Persson operator.
But the proof of this equivalence deeply relies on the finiteness of m as well as the topology of the underling space. Indeed, when m is infinite this result is wrong. A very simple counterexample is the Laplace operator on R d ; in this case (1.1) holds for r 0 ¼ 0 and bðrÞ ¼ cr Àd=2 for some c > 0 (see [13, Corollary 3.3] ) but s ess ðÀDÞ ¼ ½0; 1Þ! On the other hand, however, the spectrum analysis on the L 2 -space of infinite measures has been studied for a long time. For instance, a lot of work has been done on the spectrum of Scro¨dinger operators (see e.g. [7, 9] and references therein). So it should be interesting to extend the above equivalence to infinite measure case by modifying the functional inequality (1.1). This is the key motivation of this paper.
Our main idea of the study is to reduce the present problem to the welltreated case with probability reference measures. To this end, we first make an operator transformation such that the new operator is self-adjoint on the L 2 -space of a probability measure and it keeps the whole spectral information of L: This sort of transformation is standard in spectral theory, and it works as follows. Let f > 0 be such that mðf 2 Þ ¼ 1; then we have a probability measure m f :¼ f 2 m: Since m is s-finite, the function f always exists. It is easy to see that the following mapping is unitary:
FUNCTIONAL INEQUALITIES AND SPECTRUM ESTIMATES
In particular, when f is a ground state I f is well known as the ground state transformation. Letting
then ðL f ; DðL f ÞÞ is self-adjoint in L 2 ðm f Þ and the corresponding semigroup is given by
we need only to look at the inequality (1.1) for L f rather than L; namely,
Equivalently, replacing f by
Now it is clear that (1.4) is the exact inequality we asked for. The above procedure enables us to extend some known results concerning spectrum estimation using functional inequalities, this is the main business in Section 2. To estimate the corresponding semigroup P t using (1.4), we need a restriction on f; namely, P t f4e lt f for some l50 and all t > 0: If, in particular, inf sðÀLÞ is an eigenvalue then any (positive) ground state satisfies this condition. Under this restriction we obtain a correspondence between (1.4) and the estimate of P t (see Section 3). In Section 4, we present a general criterion for (1.4) as well as some estimates of b; which are useful in application of the main results. Finally, in Section 5 we present some examples of elliptic operators to illustrate our results.
To check our main results, let us look at the following model. Obviously, the estimate of l n given in Proposition 1.1(2), as well as that in Proposition 1.1(1) with d 2 ð1; 2; is sharp in the order of n: One may conjecture, although we do not prove here for d > 2; that l n ¼ Oðn 2ðdÀ1Þ=dd Þ in the situation of Proposition 1.1(1) for all d > 1: This will be addressed in a forthcoming paper based on different approaches. In the next result the condition (1.2) is used to replace the existence of density.
SPECTRUM ESTIMATES
Theorem 2.2. Assume that E is a topological space with F the Borel salgebra such that any probability measure on ðE; FÞ is tight. In particular, it is the case when E is either a Polish space or a s-compact space. If L is selfadjoint such that (1.2) holds, then for fixed r 0 50 the following statements are equivalent to each other: Proof. By Theorem 2.1(1), it suffices to show that (2) implies (1). Since m f is tight, for any e 2 ð0; 1Þ let A e & E be compact such that m f ðA c e Þ4e: Then for any f 2 DðEÞ with mð f 2 Þ ¼ 1 and f j A e ¼ 0; it follows from (1.4) that
Therefore, by (1.2) one has inf s ess ðÀLÞ5 sup
This implies (1) . ]
According to Theorems 2.1 and 2.2, the upper bound of the essential spectrum relies only on the existence of b in (1.4), and there is nothing to do with what b is. Assume that (1.4) is given with a specific b and r 0 ¼ 0; then it is reasonable for us to ask for more spectrum information involving also in b; for instance, to estimate high order eigenvalues of L: For this purpose, we need the following assumption.
(A1) Equation (1.4) holds with r 0 ¼ 0; L is self-adjoint, P t has density p t ðx; yÞ and there is t > 0 such that R t ðxÞ :¼ mðp t=2 ðx; ÁÞ 2 Þo1 m-a.e.
By Theorem 2.1, one has s ess ðLÞ ¼ | under (A1). Let us list out all eigenvalues of ÀL as follows (counting multiplicities):
As we have done in [14] for the probability measure case, we go to estimate l n using (1.4) and the function R t : To do this, we need the following lemma which has been claimed in [14] without rigorous proof. Lemma 2.3. Assume (A1). Let f i denote the unit eigenfunction of l i : We have
m-a:e:; n50:
Proof. By the spectral representation we have
where fE l g denotes the spectral family of ÀL: In the present case this formula becomes
Since P t is strongly continuous, one obtains
Hence, for any n50 we have (m-a.e.) e Àl n t
This completes the proof. ]
FUNCTIONAL INEQUALITIES AND SPECTRUM ESTIMATES
We remark that when p t ðx; yÞ is the transition density of a symmetric subMarkov process, one has R t ðxÞ ¼ p t ðx; xÞ:
We have
where
Proof. It is easy to check that P 
ESTIMATES OF THE SEMIGROUP
As a correspondence to inequality (1.4), we introduce the notion of f-uniform integrability which generalizes Wu's uniform integrability [15] Definition 3.1. Let f be a positive measurable function, and let p 2 ½1; 1Þ:
Obviously, the f-uniform integrability of P in L 2 ðmÞ is equivalent to the uniform integrability of
Theorem 3.1. Assume that ðP t fÞ _ ðP n t fÞ4e lt f for some l50 and all t50:
(1) If (1.4) holds then for any probability measure n on ½0; 1Þ one has By the assumption of P t one has jP t f j4P t j f j and hence mðfjP t f jÞ4mðj f jP n t fÞ4e lt mðfj f jÞ:
Thus, we arrive at
(b) By (a) we are able to modify the proof of Theorem 2.1 in [14] to deduce (1) . For any f 50 with m f ð f 2 Þ ¼ 1 let
Since P f t is positive and P f t s4se lt ; we have g s 4h s : Thus it follows from (3.1) that 
we have, for any f with m f ð f 2 Þ ¼ 1; 
Proof. The first assertion is a direct consequence of Theorem 3.1, and the equivalence of (1) and (2) follows from Theorem 3.1 and the proof of Corollary 2.1 in [14] . ]
Finally, we present below an estimate of jjP
e 2 ð0; 1Þ; t > 0;
where we set C À1 ðtÞ ¼ 0 for t5Cð0Þ:
for some t > 0; then (1.4) holds with r 0 ¼ 0 and
Moreover, (1.3) holds for the same b with E f replacing by E f þ l since l50: Therefore, (1) follows from the proof of Theorem 5.1 in [13] with P t replacing byP t ; while the second assertion follows from the proof of Theorem 4.5 in [14] with P t replacing by P
The following is a direct consequence of Theorem 3.3 according to the proof of Corollary 5.2 in [13] (also that of Theorem 4.4 in [14] for the nonsymmetric case). 
(2) Let p > 0: Equation (1.5) holds with r 0 ¼ 0 and bðrÞ ¼ cð1 þ r Àp Þ for some c > 0 if and only if there is c 0 > 0 such that
GENERAL CRITERIA FOR ESTIMATES OF b
Let f > 0 with mðf 2 Þ ¼ 1 be fixed, our purpose is to present sufficient conditions for (1.4) and to estimate the function b: The idea is based on a decomposition observation: there will be a global functional inequality if such inequality holds on a sequence of ''big'' sets, and the form E is good enough outside these ''big'' sets. This observation has been applied in several papers for some different inequalities, for instances, in [2, 12] for the Poincare´inequality in the context of jump and diffusion processes, in [13] for the super-Poincare´inequality and in [10] for the weak Poincare´inequality.
A General Setting
Let ðE; DðEÞÞ be a positive, bilinear, symmetric form on L 2 ðmÞ: Assume that there is F 0 & F such that for any A 2 F 0 with mðAÞ > 0; we are given a form ðE A ; DðE A ÞÞ on L 2 ðA; mÞ such that for any f 2 DðEÞ and any A 2 F 0 ; one has f 1 A 2 DðE A Þ and Proof. Simply note that for f 2 DðEÞ;
To illustrate the above result, let us consider the following example for a class of Schro¨dinger operators on R d :
We have mðdxÞ ¼ dx and
Let F 2 C½0; 1Þ be positive with FðrÞ # 0 as r " 1 such that fðxÞ :¼ for some constant C > 0: ]
The Diffusion Case
Let M denote the class of measurable functions on ðE; FÞ: Let G : DðGÞ Â DðGÞ ! M be a symmetric, positive, bilinear mapping satisfying (i) DðGÞ is a sub-algebra of M; 1 2 DðGÞ and Gð1; f Þ ¼ 0 for any f 2 DðGÞ:
(ii) If f ; g 2 DðGÞ then Gð f ; gÞ 2 4Gð f ; f ÞGðg; gÞ: (iii) If f ; g 2 DðGÞ then fg 2 DðGÞ and Gð fg; hÞ ¼ f Gðg; hÞ þ gGð f ; hÞ; h 2 DðGÞ:
(iv) If f ; g 2 DðGÞ then f^g 2 DðGÞ and Gð f^g; f^gÞ41 ff 4gg Gð f ; f Þ þ 1 ff 5gg Gðg; gÞ: 
Combining this with (4.2), we obtain 
Put
If lð1Þ ¼ 1 and there exist c; p > 0 such that
then there exists c 0 > 0 such that (1.4) holds with r 0 ¼ 0 and Hadamard manifold, (4.3) holds for p ¼ d (see e.g. [1] ). Moreover, letting SðW Þ ¼ LW ; it is easy to check that jðrÞ ¼ e cr and that c is bounded. Therefore, the desired result follows from Theorem 4.3. ]
SOME EXAMPLES
In this section, we aim to present examples to show that our results are sharp in some concrete cases.
Example 5. In the case where P f t is not ultracontractive, we need an alternative way to estimate R t : To this end, we introduce the dimension-free Harnack inequality due to [11] . Let us consider L ¼ D þ rV on a Riemannian manifold such that Ric-Hess V is bounded below. We have (see [11, 
we obtain
Since t ! 0 as n ! 1; one has Next, we observe that there exists c 4 > 0 such that
Then it follows from (5.2) that Proof. It suffices to prove for n51: Let f i denote the unit eigenvector of l i : Since the rank of the matrix ðhf i ; g j i : 04i4n À 1; 04j4nÞ is not larger than n; there exists c :¼ ðc 0 ; . . . ; c n Þ 2 R nþ1 with jcj ¼ 1 such that X n j¼0 c j hf i ; g j i ¼ 0; 04i4n À 1:
Letting g ¼ P n j¼0 c j g j ; we have hg; f i i ¼ 0 for any 04i4n À 1: Thus for some c 1 > 0 and all big n: Obviously, as n ! 1 one has gðn þ 1Þ ! 1; gðn þ 1=2Þ À gðn þ 1Þ ! À1 and gðn þ 1 À ½logð2 þ nÞ Àd Þ À gðn þ 1Þ5 À ½logð2 þ nÞ Àd g 0 ðn þ 1Þ ! À1:
Then there is c > 0 such that Eðg n ; g n Þ mðg 2 n Þ 4c½logðn þ 2Þ 2d for big n: Therefore, the first assertion follows from Proposition 5. 
¼
e c 1 dp 2 e 2 ¼ e c 1 dp 2 ðn þ 1Þ 2ð1ÀdÞ=dd :
Combining this with (5.6) we complete the proof. ]
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